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1 Introduction

Recall our network from the previous lecture:

To 1 )

Through forward propagation, we calculated our prediction x5 for the input
zg. Keep in mind, however, that this prediction is essentially a stab in the
dark. We multiplied the input by randomly initialized weights and randomly
initialized biases through each layer and calculated an output. At this stage,
the output is simply a random guess and is probably very different from the
target /true output y. In order to make our neural network more accurate, we
must change the weights and biases so that our predicted output zo gets as close
to the target output y as possible.

To accomplish this, we will use backpropagation. The first step is to quan-
tify exactly how wrong our prediction is; in other words, we will use an error
function. We define the error function as

1
E = ||z —y||?
5 llz2 =yl
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This makes sense; F increases as the difference between x5 and y increases. The
goal of backpropagation is to minimize this error, which will get x5 and y as
close together as possible, making x5 a better prediction.

To minimize F, we must change the weights and biases accordingly. Unfor-
tunately, there are many weights and biases (just look at the diagram above), so
we can’t just test many different combinations weights and biases and see which
one yields the least error. That said, we can use differentiation to help us. By
taking the partial derivative of the error with respect to a particular weight, we
will know how to change the weight in order to decrease the error; changing the
weight in the direction of the negative partial derivative will decrease the error.
Please see the ”Neural Networks: Part 27, Sections 4.1-4.3, for a more in-depth
explanation as to why calculating the partial derivatives helps us minimize the
error function.

2 Non-Vectorized Backpropagation

We've already covered how to backpropagate in the vectorized form (Neural Net-
works: Part 2, Section 4.5). However, this can be confusing to many students,
particularly the parts with matrix transformations and Hadamard products. To
alleviate any confusion, let’s walk through backpropagation without any vectors
at all.

2.1 Defining the Network

Consider the following neural network:




Let’s take the partial derivative of the error with respect to a particular
weight. Our target outputs are y; and yo. We define the value at each node i
to be n;. We define the bias of node 7 to be b;. Note that input nodes do not
have biases, they are simply input values into the network. We can thus rewrite
the error function as:

E = ((ns—y1)*+ (ng — y2)°)

DN =

2.2 A Simple Example

Let’s calculate %2 . By the chain rule:
Owyg
oE d(ns —y1) d(no — y2)
8’(1)48 - (ng yl) < 8’[1)48 + (ng y2) 6’(1)48

‘We know:
ng = o(wagng + wssns + wegnhe + wrgny + bg).

ng = o(wagng + wsons + weone + wrgny + by).

Neither ng nor ys, a part of the target output, depend on wys, so the equation

becomes:
OE _ d(ns —y1)
o ) (M
d(ng —y1)

Wqg
that the only term in the sigmoid function that depends on wyg is w4gng. Thus:

Let’s look at . 1 does not depend on wyg. Looking at ng, we see

a(ﬂg - y1) - 6(0’(11148’/14 + wsgNs + WesNe + WrgN7 + bg))

Ow,g Owgg

3("8 - y1)
Owyg
‘We know:

8w48n4

= o' (wagna + wsgns + wesng + wrsny + bg)
Owag
Ny = o(wi1an1 + waang + waang + by).
This equation does not involve wyg. So we get:
d(ns —y1)

8w4g
Substituting back in, we finally arrive at:

!
= 0’ (wagny + wsgns + wesne + wrsny + bg)ny

oF
Owyg

= (ng — y1)0’ (wagna + wsgns + wesng + wrsny + bg)na

To shorten this expression, we’ll refer to o’ (wagng +wssns +wesneg + wrsnz +
bs) as o§.
OF

8w48

= (ng — y1)ogna



2.3 Updating Weights

A network learns by changing its weights to minimize the error. Now that we’ve
figured out the partial derivative of wsg with respect to the error, we simply
update wyg according to the following rule:

oF
Wy = Wyg — Oz
Owys

Where « is the learning rate, or some constant.

2.4 A Complex Example

Let’s begin calculating We know that y; and yo are just constants. We

(911)14 ’
also know

ng = o(wagna + wsgns + wesneg + wrsny + bg)
ng = o(wagna + wsens + wegne + wrgny + bo)
ng = o(wiany + Wwaang + wzanz + by)
Nowhere else does wi4 appear in the network. Let’s begin chain-ruling.

OF _ (ng —y1) <8(ns_y1)> + (ng — 12) <8(n9_y2)>

Ow1a Ow1a Own4

2.4.1 Calculations

The process for calculating each of these partial derivatives is extraordinarily
similar. Let’s just focus on the first part, or:

d(ng — y1)>

6’(1)14

OF
Own4

= (ns — 1) (

At the end, repeat the following process for the second partial.

OF - ( . ) 8n8
dwry u Owna
OF 8(0(w4gn4 + wssNns + WesNg + wWrgny + bg))
= (ng — 1)
Ow14 Owiy
OE O(wagng + wsgns + wegne + wrgny + bg)

= (ng—y1) (¢/ (wagna + wssns + wesne + wrsnz + bg))

8’(1)14 8w14

To make our expression shorter, lets just write

!
o' (wagng + wsgns + wegne + wrgny + bg)



as 0g. We can rewrite what we have so far as:

OE , O(wagna + wsgns + wesng + wrgny + bg)
= (ng — yl)Us
Owiy Owny

Let’s continue. Remember, only n4 is dependent on w4.

BE (TL ) ,8w4gn4
= —y1)o
Owiy 8~ Y1)% Owia
oF _ (TL _y )a'w 8(0(w14n1 + waoygng + wagng + b4))
i 8 1)0gW48 Dwis
OF O(w1an1 + woang + w3anz + b
Do (ns—y1)oswas (0’ (wian1 +waano+wsans+bs)) (wiams zng 34n1s + ba)
14 14
Again, lets just write
o' (wrany + waang + wzang + by)
as 0. We can rewrite what we have so far as:
8E _ (n —y )a’w O'/ 8(11)14711 =+ woyno + wWs34MN3 + b4)
(971)14 8 1)08W480 4 81014
0 _ (TL —y )O'/U) O_/ 8’w14n1
Owiy 8T 0,
oF
ow = (ng — yl)UészsUf;m
14

2.4.2 The Final Expression

Let’s add back in the second partial. Repeating the calculations, we finally
achieve:

oF
Dwia = (ng — yl)Uéw4SUfm1 + (ng — yg)aéw4gafm1
OF
Do ((ng — y1)ogwas + (ng — y2)ogwag) oyma
1

Of course, in these equations,
! !
oy = o' (wagna + Wwsgns + wegng + wrgny + by)

2.5 Biases

Let’s calculate the partial derivative of the error with respect to by. As with the
weights, let’s start chain ruling:

g, = =) (2550 ) ) (0522 )



Recall that:
ng = o(wagng + wsgns + WesNe + wrgny + bg)
ng = o(Wwagna + wsgns + weene + wrony + by)
ng = o(w14anq + WaaNo + wzans + ba)

Let’s look at 8(%871;7“). Looking at ng, we see that the only term in the
sigmoid function that relies on by is wygng, and wyg is constant with respect to
bs. Armed with this knowledge, we start chain-ruling:

d(ng —y on
Olns — 1) = o' (wagna + wsgns + wesne + wrgng + b8)(w48)74
8b4 ab4
Let’s break down ‘Z’gf. Looking at n4, we see that the only term inside the
sigmoid function that relies on by is by itself, whose derivative is just 1. Thus:
on
b = 0! (wiany + waany + waans + by)
Oby
Substituting and using our previous shorthand notation, we find:
d(ng —y1)
T ob, = (0%)(0%) (was)

We can use the same process to find that:

d(ng — y2)

S = (o) (o) (was)

Finally, we get:

oFE

871)4 = 0 ((ns — y1)okwas + (ng — Y2)ogway)

The process is simpler for the third layer. Take bg for example. We start
the same way:

i = =) (2520 ) o) (2220 )

ng does not depend on bg, so the right side of the expression evaluates to 0
and goes away. For the left side, again, y; is constant, so we find that:

9F _ (ng — )%
abs Y O
The only term in the sigmoid function in the expression for ng is bg itself. Thus:
OF
T (ns —y1)og



3 A Matrix Representation

Let’s first define the vectorized network (we’ve done this in ”"Neural Networks:
Part 27 already). In this case:

Zo 1 x2

Wi4 W24 W34
W15 w25 w35 W48 Wsg Wes wrs
Wy = Wy =
W16 w36 w36 W49 Ws9 We9 w9
w17 war ws7
714_
n
! ns ns
Tog = | N2 r1 = To =
0
Ne N9
ns Ny
by .
bs bg Y1
bl = b2 = y =
bs by | Y2
by

And from vectorized forward propagation, we know
xr1 = O'(Wll'() + bl)

To = O'(ng'l -+ b2)

We also define the following matrices, which we will name z; (where 4 is the
layer index) for future calculations. Note that the difference between z; and z;
is that we do not apply any non linearity function in z;.

Wiy Way Wsa | by W14N1 + WagMNz + Ww3aan3 + by
o1 = Wiagthy = |15 Was wss | | bs| _ |wisny + wasng + wasng + bs
Wi w36 L be wieny + waeNz + waens + bg
wiy way wsy b7 wirny + warng + warns + by



zZ9 = W2$1+b2 =

Wy
w49

Ws8
Ws9

3.1 The First Matrix

We can repeat the process outlined in Section 2.2 to calculate the partial deriva-
tive of the error function with respect to each weight. The final results for the
weights between the second and third layers of nodes follow a similar pattern:

Wes
We9

Uz

wrg| (N5
Wro| (M6
nr

by

n bg|  |wasng + wssns + weshe + wrgny + bs
w494 + WseNs + Wegne + Wrony + by

) ) OF /
Owss (s = osis Owso (ng — y2)ogna
385;8 = (ns — y1)ogns 885;9 — (no — 1)oms
ai}E% = (ns =y)osns 6?UE6‘9 = (no — y2)ogne

Hmmmm... these all look similar! T bet we could rearrange them to create
a more compact matrix representation, which we will call 807]32. We wish to

simplify weight updating to just

OF
So, TWQ

Note that:

oE

OWs

s —w)e

(ng — y2)o

oE

WQZWQ—ai

oWy

must be the same shape as W5, which is 2 x 4.

OF OF oF OF
_ | Owas Owsg Owsg Owrg
oF oF OF OF
Owag Owsg Oweg Owrg
OF OF OF OF
ns ng nﬂ _ 8w4g 8w58 3w68 8w78
OF OF OF OF
Owyg Owsg Owegg Owrg



We can also write this as:

OF OF oF oF
|:’I7,8 : y1:| |:0§;:| [714 ns ne TL7] _ 8w48 8w58 8w68 8w7g
o 2] 1% OE OE OF OF

Owyg Owsg Owey Owrg

Where © is the Hadamard product, or element-wise multiplication. Let’s vec-
torize this more:

|:OJ8:| _ |:g’(w48n4 + wsgns + wegng + wrgny + bs):| _ 0_,(22>

! /
o o' (wagna + wsgns + wegne + wrony + by)

ng — Y1 ng 1
= _ = 1o —
[ R R AR

[’I”L4 ns Neg TL7} = .13?
Thus, we get
oF
W (2 —y) © 0’ (22)]2]

For the sake of simplicity, we define
by = (12 —y) © 0’ (22)

Finally, we reach our old vectorized backpropagation formula:

o, =0

3.2 The Second Matrix

We can repeat the process outlined in Section 2.4 to calculate the partial deriva-
tive of the error function with respect to each weight. The final results for the
weights between the first and second layers of nodes follow a similar pattern:

oF
3 = ((ns — y1)ogwas + (ng — y2)oowag) oyn1
W14
oF
B ((ng — y1)ogwss + (ng — ya)ogwsg) o5n1
w15
OF
9 = ((ns — y1)ogwes + (ng — y2)ogwee) ogn1
W16
oF
3 = ((ns — y1)ogwrs + (ng — y2)oowrg) 07Ny
w17
oF
e ((ng — y1)ogwag + (ng — y2)ogWag) o472
W24



)

= ((ns — yl)Cfé’wss + (ng — yz)l’éww) 03”2

8’(1)25
OF
Do ((ng — y1)ogwes + (ng — y2)ogwey) oGn2
W26
OF
B ((ng — y1)ogwrs + (ng — y2)ogwrg) o712
wa7
OF
9 = ((ns — y1)oswas + (ng — y2)ogwag) oyns
w3y
OF
Do ((ng — y1)ogwss + (ng — y2)ogwsg) o5n3
w35
OF
o ((ng — y1)ogwes + (ng — ya)ogweg) ogn3
W36
OF
9 = ((ns — y1)ogwrs + (ng — y2)ogwrg) o7n3
w37

To update each respective weight, we would subtract these partials (multi-
plied by «) from their respective weights, just as we did for w4 above.
Our matrix representation needs to look like this:

OF oF oF

Ow14 Owaa 31034

oF OF OF

OF | dwis Owas Owss

Wi | oE O O

6’(1)16 (911]26 871136

OF OF OF

_371)17 811}27 8w37_
‘We notice that:

W4 W49 wygog(ng — Y1) + Wwa90g(ng — Y2)
W58 Ws9 [Ué(ns - yl)} _ ’w580é(n8 -y1) + wsgﬂé(ng )
wes  Weo | |0h(ng — y2) wegog(ng — y1) + weeoh(ng — y2)
wrs  wrg wrsog(ng — y1) + wrgog(ng — y2)

Which can be vectorized and simplified as:

Was  Wag wagog(ng — Y1) + wagog(ng — y2)
Wsg  Wsg ({Ué] o |:n8 - yﬂ) _ wsg0g(ng — Y1) + ws90g (N9 — Y2)
weg  Weg ) ng — Y2 wegog(Ng — Y1) + weooy(ng — ¥2)
wrg  Wrg wrgog(ng — Y1) + wrooy(ng — y2)

10



wagog(ng — Y1) + wago.
!
- +’LU590'
WIo'(Wez1) ® (29 — — wsgog(ng — Y1)
2 [ ( 2 1) ( 2 y)] wﬁsgé(ns—y1)+w6ga
wrgog(ng — Y1) + wrgo.

©~©o~©o~©o~
AN N NN
S
©
<
N

wasoh(ns — y1) + wagoh(ng — ya2)
wsgog(ng — y1) + wseog(ng — y2)
wegTg(Ng — Y1) + We90g(ng — yo)
wrgog(ng — y1) + wreoy(ng — y2)

Wisy =

This 6o is the same as the one we defined when calculating the previous
vectorized representation. Now, this is fine and dandy, but we’ve so far ignored
the o)jny and the ofn; etc. sitting outside the parends of our partial derivative
calculation. Let’s work those in.

wyg0g(ng — Y1) + wagog(ng — y2) o
wsg0g(ng — y1) + ws9oh(ng — y2) o

O] n n ng| =
we0g(ng — Y1) + we90g (N9 — Y2) oG [ ! 2 3]
wrgog(ns — Y1) + wrgog(ng — y2) oy

((ns — y1)ogwas + (ng — y2)ogwag) ogny  ((nsg — y1)ogwas + (ng — y2)ogwag) oyna  ((ns — y1)og
((ng — y1)ogwss + (ng — y2)ogwsg) o5y ((ng — y1)ogwss + (ng — y2)Tgwsg) oxN2 ((ng — y1)ogwss +
((ng — y1)ogwes + (ng — y2)oqweg) ogna ((ng — y1)ogwes + (ng — y2)ooweg) ogn2 ((ng — y1)oswes +
((ns — y1)ogwrs + (ng — y2)oqwrg) orn1  ((ns — y1)ogwrs + (ng — ya)ogwrg) ogna  ((ns — y1)ogwrs +
OFE OF OF
8w14 8w24 3’[034
oF OF OF
— 611}15 8w25 6’[1)35 _ aE
OF OF oE | M
5w16 aUJQG a’UJ36
OF OF OF
| Owyr Owar Ows |
Note that
o wi4ng + WwaaNg + w3gn3 + by
o5l | |wisni + wasng Fwssns +bs| |
o6l 7 wigny + Wagns + waens +bg| | © (1)
ot w17N1 + Wwarna + warnz + by
.Tg = [Tll %) Tlg}
Thus, we get
OF
i = W52 0 0/ e1)laf

11



‘We denote
01 = WQT(SQ ® O'/(Zl)
yielding
OF
oWy

T
== 511‘0

3.3 The Bias Vectors

For the second layer, the biases are:

ok
P o4((ns — y1)ogwas + (ng — y2)ogway)
oF
87135 = 05((nsg — y1)ogwss + (ng — y2)ogwsg)
ok
Dbg = 05((ng — y1)ogwes + (N9 — y2)ogweo)
oF
W o7((ng — y1)ogwrs + (ng — y2)ogwre)
For the third layer, the biases are:
OF
87[78 = (ng — yl)Ué
OF
Ty (ng — y2)0g
We wish to have a simple way to express how to update the bias matrix, like
S0:
oF
b; =b; —
“ b,

E
where b; is a matrix. In other words, we need to calculate Let’s look

?

. . oE
at the second layer first. b; is a 4 x 1 matrix, so 2 must have the same
1
dimensions. Without vectors, our update is:

OF
0b;
where b; is the bias for a single node, i.e. an element of a bias matrix.

Looking at the partials for the biases of the second layer, we can simply define
b1 as the 4 x 1 matrix of each bias like so:

bj:bj—()é

12



_aE-

Oby

OE
oE | 0bs
obr | 9E

0Obg

ok
LOby
Similarly, for the second bias matrix:
OE-
oF | 0bs
o~ | op
L Oby |

To derive our equations for the bias update for vectorized backpropagation, let’s
first look at the second bias matrix. If write out each element, we find:

OF (ng — y1)og (ng — y1)o’ (wagng + wsgns + wegne + wrgny + bg)
by -
2 (ng — y2)04 (ng — y2)0’ (wagny + wsgns + wegne + wrgny + by)
We can rewrite this as a Hadamard product:
6E ng — v U/(’LU48TL4 + Ws8My + WesMNe + wrsny + bg)
Oy ©
2 ng — Y2 o’ (wagng + wsgns + wegne + wrgny + by)

The first matrix can be written in vectorized form as x5 — y, and the second
matrix can be written as o’ (Wax1). We can then arrive at:

oF

by

Notice that this is the same as the do we calculated for the weights earlier. We
can write the bias formula as just:

oE

Dy

Looking at the first bias matrix, we see that we can write it out as:

= (22 = y) © (' ()

o

[0 (ns — y1)ogwas + (ng — y2)ohwag) |

o  |o5((ns —y1)ogwss + (ng — ya2)oguwso)

0b
! o5((ns — y1)okwes + (g — Y2)o4Wee)

|07 ((ng — y1)ogwrs + (ng — y2)ogwro)

13



Looking carefully at this matrix, we see that we can write it out as a product

of two matrices including T
2

/ /
g,4W. o,W.
4W48 4W49 ( /
ng — a
/ / 8 yl) 8
oF _ | o5Wss O5Ws9
0by OGWes T6We9 ’
/ / (ng - y2)09
0'711}78 0’7w79

The first matrix looks very similar to some combination of Wy and o’ (Wazy).
We can rewrite and rearrange the equation with the help of the Hadamard
product:

W4s W49 / 04

ng — Y1 )o
OF Wsg Wsg (ns —y1)os ot
- !
oby Wes We9 (ng _ y2>0'é Jg
/
wrs Wrg oy

This, in turn, can be written as

oE 1 O0F ,

o 2 on, ©o'(21)

oF

aibl = W2T(52 ® 0'/(21)

Hey. .. this is the same as §; from earlier! Now our equation is just:

oF
e
b,

3.4 A General Form

We can generalize this for any layer. The only difference is the delta for the last
layer:
op = (zL —y) ©0'(21)

The delta for every other layer is:
0; = ijrl(SiH ® O'/(Zi)

And the gradient for every weight matrix are calculated and the weight
matrices are updated as follows:

OF
oW, biziy

OF

Wi =W, — ot

oW,

For biases, the rule is simpler:

14



bi = bi —Oé(Si

That is the essence of backpropagation. Note that these formulas work for
any activation function. The reason sigmoid is used to teach is because its
derivative is fairly straightforward:

o'(z) = o(x)(1 - o(x))

15



